We study systematically the effect of substrate compliance on the threshold for splashing of a liquid drop using an elastic membrane under variable tension. We find that the splashing behavior is strongly affected by the tension in the membrane and splashing can be suppressed by reducing this tension. The deflection of the membrane upon droplet impact is measured using a laser sheet, and the results allow us to estimate the energy absorbed by the film upon drop impact. Measurements of the velocity and acceleration of the spreading drop after impact indicate that the splashing behavior is set at very early times after, or possibly just before, impact, far before the actual splash occurs. We also provide a model for the tension dependence of the splashing threshold based on the pressure in the drop upon impact that takes into account the interplay between membrane tension and drop parameters.
I. INTRODUCTION
The impact of a liquid droplet on a solid substrate and the subsequent splash-defined as the detachment of small satellite droplets from the spreading drop-is a common everyday phenomenon. Despite splashing's ubiquity, both in our personal experience, and in such diverse applications as ink-jet printing, 1,2 fuel combustion, 3 industrial spray coating, 4 and pesticide delivery, 5,6 the mechanism of such splashes is not yet fully understood. For some applications, such as fuel combustion, splashing is beneficial, while for others, such as pesticide delivery, splashing should be minimized. For these reasons, it is important to understand the splash mechanism, as well as which parameters can be used to effectively control splashing behavior. For a recent review of splashing phenomena, see Ref. 7. There are three components in such drop-surface impacts: the liquid droplet, the surrounding gas, and the solid substrate. The relevant parameters of the liquid can be characterized using two dimensionless groups, Re= 2R 0 V 0 / and We= 2R 0 V 0 2 / ␥, where , , and ␥ are the density, viscosity, and surface tension of the liquid, respectively, and R 0 and V 0 are the radius and impact velocity of the drop. These dimensionless groups are combined in an oft-cited empirical relation for the splashing threshold, which involves liquid drop parameters only and does not include parameters of the substrate or gas: We 1/2 Re 1/4 = K; based on the data from several sources, splashing occurs for K Ն K d Ӎ 50. 8 A scaling argument for this correlation is given by Roisman et al., 9 who balanced inertial and capillary effects for impacts on dry smooth substrates. A rationalization of the functional form is also available for splashing for a train of droplets 10 and on a thin liquid film. 11 Recently, it has been shown by Xu et al. 12 that the gas surrounding the impact plays an important role in splashing: the splash can be suppressed completely by reducing the pressure of the surrounding gas. We note that the surrounding gas pressure and composition have also been shown to be important in binary droplet collisions, where the assumption was made that the gas affected the dynamics leading to contact. 13 The characteristics of the solid substrate, for example, roughness and surface chemistry, also affect splashing behavior. Based on the roughness of the substrate, Stow and Hadfield 14 proposed an empirical splashing threshold of the form We 1/2 Re 1/4 = ͑R a ͒, where R a is the roughness of the substrate, defined as the mean absolute deviation about the mean surface level. Additional studies of roughness are reported in Refs. 15 and 16. More recently, Courbin et al. 17 indicated qualitatively the effect of rough and microtextured surfaces on the splashing threshold, which has subsequently been studied more systematically. 18 A second feature of the surface that plays a role in the physics of splashing is wettability, which is determined both by surface roughness and surface chemistry. For example, Duez et al. 19 investigated the impact of a solid sphere with a liquid-gas interface. They found that the critical velocity for air entrainment was dependent on the equilibrium contact angle and that superhydrophobic spheres create large splashes for any impact velocity. A hint that surface chemistry is also important in impacts of liquid drops on solid substrates comes from data that show different values for the splash threshold on substrates of the same roughness but different contact angles. 14, 16 The role of the compliance of soft substrates on drop splashing is important to understand since it is involved in many common applications, such as pesticide spray on leaves and spray cooling of flexible surfaces. However, to our knowledge, the sole report of splashing on compliant substrates was given by Field et al., 20 who focused only on erosion damage for impacts at speeds far above the splashing threshold ͑Ͼ100 m / s͒.
In this paper, we report a comprehensive study of the effect of substrate compliance on the splash threshold using an elastic membrane under variable tension. We find that decreasing the tension in the elastic sheet increases the threshold velocity for splashing. This tuning with tension is first examined using energy balances. We then investigate the dynamics of the spreading lamella, which suggests that splashing behavior is set at early times after impact. Finally, we present a model for the splashing threshold as a function of the tension in the membrane, which allows us to rationalize the experimental trends for splashing on elastic substrates.
II. EXPERIMENTAL METHODS

A. Drop impact setup
A schematic of the experimental setup is shown in Fig.  1͑a͒ . An elastic membrane was clamped ͑taking care not to introduce any initial pretension͒ between two Plexiglas rings ͑inner diameter of 19.05Ϯ 0.01 cm and outer diameter of 26.67Ϯ 0.01 cm͒ and placed onto a lubricated cylindrical frame ͑radius R F = 5.24Ϯ 0.01 cm͒. This setup allows for application of uniform tension to the membrane without wrinkling ͑see Ref. 21 for additional information on a similar setup used in a previous study͒. This tension can be tuned by placing additional brass rings on the Plexiglas clamping ring, which allowed us to apply tensions T between 17Ϯ 2 and 55Ϯ 2 N/ m.
The elastic membrane used in these experiments was Saran Wrap ͑Johnson͒, which is a stretchable polymer film of low Young's modulus with thickness of approximately 10 m and density of approximately 1.7 g / cm 3 . 21 To create a solid surface of effectively infinite tension, but with the same wetting and roughness properties as Saran Wrap, the membrane was placed over a smooth solid surface, while taking care that no bubbles were present between the solid and the Saran Wrap.
Millimeter-radius ethanol drops ͑viscosity = 1.2 ϫ 10 −3 Pa s, density = 789 kg/ m 3 , and surface tension ␥ = 0.02 N / m͒ were released from rest above the center of the membrane, and the impacts were observed using a Phantom high-speed video camera recording at a rate between 13 000 and 100 000 frames/s. Drops of reproducible size were generated using a syringe pump to slowly create pendant drops, which subsequently fell under their own weight. The drop radii were adjusted between 1.01Ϯ 0.02 mm and 1.63Ϯ 0.02 mm using needles of different inner diameters. For larger drops, oscillations of the droplet shape during free fall become noticeable. Only experiments for which the drops were approximately spherical on impact ͑eccentricityϽ 0.3͒ were analyzed. By adjusting the height of release H, we changed the impact speed V 0 in the range of 1-3.5 m/s. We used custom-written MATLAB image-analysis software to determine the impact velocity, initial droplet radius, and the evolution in time of the radius R L of the expanding liquid sheet or lamella ͓see Fig. 1͑b͔͒ . When determining the splashing threshold, a splash was defined as any impact in which secondary droplets were emitted from the periphery of the expanding lamella. Over 600 individual experiments were analyzed to determine splashing thresholds.
B. Membrane deflection setup
The deflection of the center point of the membrane upon impact was measured using reflection of a laser sheet off of the bottom surface of the membrane ͓see Fig. 1͑a͒ for a schematic͔. The beam of an unpolarized helium-neon laser ͑17 mW, 633 nm͒ was passed through two half cylindrical lenses to create a laser sheet of uniform width ͑Ӎ5 cm͒ which was then reflected onto the bottom surface of the elastic membrane. The membrane functioned as a semitransparent mirror: most of the laser sheet passed through the membrane, but some was reflected to a screen below, where the resulting laser line was recorded using our high-speed imaging system. Since the position of this laser line is highly dependent on the angle at which the laser meets the membrane, small changes in the membrane position and thus angle result in large changes in the recorded position of the laser line ͑see Fig. 2͒ .
The setup for deflection measurements was calibrated by dropping stainless steel spheres with radii between 0.5 and 1.75 mm onto the membrane using a custom-made electromagnet ͑as described in Ref. 21͒ . In contrast to liquid drops, stainless steel spheres do not deform upon impact, and the evolution in time of the deflection of the center of the membrane ␦͑t͒ can be measured by tracking the position of the top of the sphere ͑see Fig. 2͒ . We constructed a calibration curve by recording the maximum laser line deflection ͑with a camera in position 2͒ for several sphere radius/height of re- For splash threshold measurements, a high-speed camera was placed in position 1, and the laser was off. For membrane deflection measurements, a high-speed camera was used either in position 1 or position 2 but never in both simultaneously. The scale is compressed in the vertical direction; in the actual experiments ␣ Ӎ 20°. ͑b͒ Typical images taken from high-speed movies before ͑upper image͒ and after ͑lower image͒ impact for the same millimeter-size drop ͑camera in position 1͒.
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III. RESULTS AND DISCUSSION
A. The influence of membrane tension
High-speed images illustrating the influence of membrane tension on the splash threshold are shown in Fig. 3͑a͒ . We observe that splashing behavior is strongly affected by the tension in the membrane and that splashing can be suppressed by reducing this tension. We report the threshold impact velocity V T above which splashing occurs as a func-tion of the tension in the membrane for three different drop radii in Fig. 3͑b͒ . The threshold velocity is highest for the lowest membrane tension; as the tension in the membrane increases, the threshold velocity decreases, approaching the threshold velocity for impact on a solid substrate.
We observe a variety of phenomena during the impact of a drop with the membrane. These phenomena are organized in a time line of dynamical events during a sample impact in Fig. 4 , we see a rich variety of behaviors occuring at early times ͑Ͻ1 ms͒, while later we observe only spreading of the liquid sheet.
With this difference in time scales in mind, we next examine two different energy balances: one at late times and one at early times. The late-time energy balance compares energies at the time of drop impact and at the time of maximum lamella spread ͑the first and last points in the time line in Fig. 4͒ , while the early-time energy balance examines energies at the time of drop impact and at the time of maximum membrane deflection ͑the first and fourth points in the time line in Fig. 4͒ . As shown below, we find that the change in splashing threshold with membrane tension cannot be explained by considering the late-time energy balance, but that the early-time energy balance reveals a possible energy threshold for splashing.
B. Late-time energy balance
In the literature, a late-time energy balance is often used to calculate the maximum lamella spread, R max / R 0 , where R max is the maximum radius of the lamella. 8, [22] [23] [24] [25] [26] [27] An overview of several approaches is provided in Ref. 26 . In general, the initial kinetic and surface energies of the spherical drop at the moment of impact are balanced with the surface energy of the flattened drop at the moment of maximum lamella spread ͑when kinetic energy is assumed negligible͒, and the energy dissipated while spreading,
͑1͒
where E k and E s are the kinetic and surface energies of the drop at impact, E s Ј is the surface energy of the drop at the time of maximum spread, and E d is the energy dissipated during the spread. The left-hand side of Eq. ͑1͒ can be derived straightforwardly ͑ 2 3 R 0 3 V 0 2 +4␥R 0 2 , where and ␥ are the density and surface tension of the liquid͒. To estimate the right-hand side, we use the result of Mao et al., 24 as they find that their semiemperical maximum spread model fits 90% of the experimental data ͑both from their experiments and those of others͒ within 10%,
where is the static contact angle between the substrate and the liquid ͑in our case =40°Ϯ 5°͒. The prefactor and exponents in the We/Re term are fitted parameters; we use the same parameters as Mao et al. 24 Figure 5 shows the comparison between Eq. ͑2͒ and our experimental values for R max / R 0 ; note that Eq. ͑2͒ was calculated for impacts on a solid substrate and does not include any energy lost to the membrane. Nevertheless, a strong correlation is found: six different membrane tensions and two droplet sizes all collapse onto a single curve which is within less than 10% of the model of Mao et al.
The collapse of the data from all of the membrane tensions onto one curve shows that membrane effects are negligible at late times, and thus a late-time energy balance cannot explain the tuning of the splash with tension that we observe ͑Fig. 3͒. It is reasonable that such a late-time approach does not provide insight on the splashing threshold since the splash occurs much earlier than does the maximum lamella radius ͑see Fig. 4͒ .
C. Early-time energy balance
We next consider an early-time energy balance. We observe that, at times shortly after impact, the liquid velocity is of the same order as the impact velocity and surface energy is negligible compared with kinetic energy. For instance, at the splash threshold for drops of radius 
The prime indicates values taken at the time of maximum membrane deflection. We examine this energy balance at the splashing threshold determined in Fig. 3 , i.e., V 0 = V T .
In order to calculate E m Ј , the maximum membrane displacement ␦ max was measured for impacts at V T using our setup for deflection measurements ͑see Table I͒ . The elastic energy stored in an elastic sheet is E m = T / 2͐dSٌ͑v͒ 2 , where the integration is over the surface of the membrane, and v͑r͒ is the displacement of the membrane from its equilibrium position. 28 Using the shape of a circular membrane with displacement ␦ max at the center yields the estimate
where ᐉ is the typical length over which the membrane is deformed, R 0 is the radius of the droplet, and T is the tension in the membrane. 21 The value of ᐉ was calculated using transverse membrane speeds c t measured with our laser setup, and the measured time tЈ of maximum membrane deflection; ᐉ = tЈc t . 21 The relevant energies, E m Ј , E k , and E k Ј= E k − E m Ј are plotted in Fig. 6 for the deflection data in Table I . As depicted in this figure, E k Ј, the estimate of the kinetic energy that remains in the drop following impact, is approximately constant at the splashing threshold. This experimental result indicates that there may be a critical ͑radius-dependent͒ kinetic energy after impact ͑later converted to spreading and splashing͒ necessary for a splash. We would expect the critical kinetic energy after impact to have the same value as the kinetic energy splash threshold on a solid, while we can see in Fig. 6 that the value for the threshold on a solid ͑horizonal solid line͒ is slightly smaller. This difference could potentially be corrected by accounting for the energy lost to viscous dissipation when calculating E k Ј. If such a kinetic energy threshold exists, it is reasonable to assume that it depends on drop and surface parameters not explored in the present study and further points toward the importance of the initial condition data in understanding splashing. It is intuitive that an elastic membrane increases the threshold for splashing by converting some of the kinetic energy at impact into stored elastic energy. A more flexible membrane stores more energy and suppresses splashing more effectively. However, part of this stored elastic energy is again converted to kinetic energy as the membrane returns toward the flat state, and some of this kinetic energy may be returned to the liquid. This leaves the question of timing: at what time after impact is the kinetic energy in the droplet a critical parameter? Our data do not have the precision to answer this question, although the time of maximum membrane deflection was from 0.4Ϯ 0.1 to 0.5Ϯ 0.1 ms, depending on the tension in the membrane. It is also possible that the membrane affects the splash through a completely different mechanism, and that the apparent kinetic energy threshold is a coincidence or a consequence of this unseen mechanism. For instance, it is possible that a flexible membrane increases the splash threshold by reducing the pressure of the air in between the drop and the surface in the instants before impact. Unlike a solid, the membrane would respond to high pressure under the drop by flexing, limiting this maximum pressure. Such a mechanism, which involves a reduction in air pressure, might be consistent with the results reported by Xu et al. 12 The change in splash threshold could also be due to the change in the relative impact velocities due to the 
082103-5
Splashing on elastic membranes Phys. Fluids 20, 082103 ͑2008͒ motion of the membrane. We discuss this possible mechanism in Sec. III E by considering the impulse at impact.
D. Lamella dynamics
Further insight into the splashing mechanism can be gained by examining the dynamics of the spreading lamella using high-speed imaging. When drops of the same size and impact velocity are compared, we find that, at early times after impact, the velocity of the expanding liquid sheet ͑dR L / dt͒ is larger for higher tensions ͓see Fig. 7͑a͔͒ . Similarly, shortly after impact, the deceleration of the lamella ͑d 2 R L / dt 2 ͒ is larger for larger tensions ͓see Fig. 7͑b͔͒ . While these are mostly within the range of error for individual pairs of impacts ͑as in the main panels of Fig. 7͒ , the differences become clear when averaged over multiple pairs of impacts ͑see inset plots of Fig. 7͒ . It is likely that differences in lamella spreading velocity and acceleration are responsible for the different splash thresholds observed for different membrane tensions. The velocity and acceleration differences among different tensions are significant only in the first 0.4Ϯ 0.1 ms after impact. Comparing this time with the time line in Fig. 4 , we can see that this is far before the typical time of splashing ͑defined as the pinching off of secondary droplets͒ which occurs at Ӎ0.8 ms but near the time at which the first instabilities are visible in the lamella at Ӎ0.3 ms.
If we assume that, for the given liquid properties, splashing is controlled by the velocity and acceleration of the lamella, our results suggest that the splashing instability is formed at very early times after impact ͑or even immediately before impact 29 ͒, far before the actual splash occurs. This argument is consistent with our results on the early-time energy balance, as a possible kinetic energy threshold was seen at Ӎ0.4 ms. It is also consistent with the argument that the splashing mechanism is derived from a Rayleigh-Taylor ͑RT͒ type instability. 30 Allen, 31 who first proposed the RT instability as a mechanism for splashing, noted that the necessary lamella deceleration was surprisingly high, of the order of 700g for impacts such as those in our experiments. Using the analysis of impact in Ref. 30 gives a similarly high acceleration: R L ͑t͒ϳ ͱ 2R 0 V 0 t, which is estimated from the base of a spherical drop, with volume of approximately 2ᐉ 2 R 0 , where ᐉ = V 0 t, being displaced into a radial film of radius R L and thickness comparable to ᐉ. This time dependence yields d 2 R L / dt 2 ϳ − ͱ R 0 V 0 / ͑2t͒ 3/2 . Using typical values, V 0 =2 m/ s and R 0 = 1 mm, and evaluating at our first acceleration time point, t = 0.115 ms, we find that d 2 R L / dt 2 Ӎ −1300g, while our experimental results give d 2 R L / dt 2 Ӎ −1000g ͓see Fig. 7͑b͔͒ . Our experimentally measured accelerations are of the same order of magnitude as those predicted by Allen. 31 We are not aware of any previous direct measurement of lamella deceleration.
Xu et al. 12 proposed a different splashing mechanism that is independent of time. It is difficult to compare our results with their theory as our experiments, performed at atmospheric pressure, are in a different pressure regime. It seems likely, however, that the effects of air compression that are used in their calculations would only be present at very early times, in the instants just before and after impact. 12
E. Model for the tension dependence of the threshold velocity
As previously shown, our experimental findings reveal the importance of early-time dynamics. We therefore rationalize our data using an early-time model for the threshold velocity as a function of tension, derived from the impulse at impact. The following model is approximate, is essentially one dimensional, and attempts to characterize the influence of the elastic substrate on the initial motion of the liquid. Motivation for this characterization was inspired by Antkow- where u is the fluid velocity and p is the pressure in the fluid. Following Ref. 32 , we integrate both sides with respect to time to obtain ͓u͑t͒ − u͑0͔͒ =−ٌ͐ 0 t pd. For the bottom edge of the drop, at some time t shortly after impact, u͑t͒ = 0, u͑0͒ =−V 0 ŷ , giving V 0 Ӎ ‫ץ‬p / ‫ץ‬nt, where we have approximated the integral and used the fact that the velocity at the bottom of the drop points in the outward normal direction to the drop surface, n ͑ŷ is the vertical direction͒. Using r as the typical length scale along the flow gives an estimate for the pressure in the fluid p Ӎ V 0 r / t. As previously mentioned, for 30 which yields
We note that the same equation can be found from scaling arguments: from Eq. ͑5͒ we expect p = O͑ur / t͒, which yields Eq. ͑6͒ when we substitute r = R L and u = V 0 . In this equation, the time dependence is simply indicative of the rate at which pressure changes will occur; nevertheless, we realize that the actual flow response is likely more complicated. For an elementary model of the reduction in pressure in the liquid due to the flexibility of the membrane, we estimate u͑t͒ =−␦ ŷ , where ␦͑t͒ is, as before, the downward deflection of the center of the membrane as a function of time after impact. This substitution gives a modification of Eq. ͑6͒ p Ӎ ͑V 0 − ␦͒R L / t. We next equate the pressure in the fluid p to the elastic stress due to the membrane in order to obtain an estimate for ␦͑t͒. An estimate for due to the deflection at distance ␦ of a membrane under a tension T is = ͑T␦͒ / ͑R L 2 ͒. Equating p = , we find ␦ Ӎ R L
Since at time scales of milliseconds we expect ␦ Ӷ V 0 , we finally approximate
We will next use this result for the membrane deflection to estimate the splashing threshold V T as a function of the tension T. Previous scaling arguments for the splashing threshold 9 utilized the speed of liquid in the lamella ͑ϷV 0 ͒ at a time comparable to the spread of the lamella ͑Ϸ2R 0 / V 0 ͒. Here, without a detailed theory, we take into account the change in the speed of the liquid due to the deflection of the flexible membrane by estimating the lamella fluid velocity as V 0 − ␦. We assume that the splashing threshold is governed by V T − ␦ ‫ء‬ = V TS , where V TS is the splash threshold on a solid, i.e., when ␦ = 0, and ␦ ‫ء‬ is a typical velocity of the membrane at some critical early time t ‫ء‬ when we believe instabilities are important. This critical time t ‫ء‬ likely falls in the range between the compressible time scale ͑10 −6 s for our drops͒ and the characteristic time scale for spreading ͑2R 0 / V 0 Ϸ 10 −3 s for our drops͒. All the drop parameters ͑such as surface tension and viscosity͒ enter this equation through V TS . Taking the derivative of ␦ ͓Eq. ͑7͔͒ at t ‫ء‬ and substituting into
estimates the splash threshold V T given R 0 , T, and the measured V TS , and its predictions are shown in Fig. 8 with a set of different values for t ‫ء‬ . Since many estimates have been made in our calculation of V T , the times chosen in Fig. 8 represent the approximate order of magnitude of the time relevant for the splashing instability. The times shown ͑t ‫ء‬ = 0.25− 1 ms͒ are therefore in rough accord with the time of maximum membrane deflection ͑Ӎ0.4 ms͒, at which we find a possible kinetic energy threshold, and with the time at which difference in lamella dynamics become insignificant ͑Ӎ0.4 ms͒. We find that Eq. ͑8͒ matches our data both in trend and order of magnitude, which is suggestive that our model captures much of the physics for the change in splashing threshold for liquid drop impact on a flexible membrane.
IV. CONCLUSION
We have examined an unexplored parameter to tune the splash of a liquid droplet on a solid substrate and studied its role in the splashing mechanism. By changing the compliance of the substrate, using variations in the tension in an elastic membrane, we show that splashing can be suppressed using a soft substrate. This approach is a novel way to reduce splashing in manufacturing processes and could also be important in pesticide delivery to leaves and other flexible surface. While the late-time energy balance is shown not to play a role in the splash, an early-time energy balance suggests a possible threshold criterion: the drop must retain a certain amount of kinetic energy after the membrane has fully 
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Splashing on elastic membranes Phys. Fluids 20, 082103 ͑2008͒ deformed in order to form a splash at later times. We also find indications that it is the very early times after impact that are critical for determining whether a splash occurs or not, as it is only at these times that the lamella dynamics are different for impacts on membranes of different tensions. Finally, we provide a model for the tension dependence of the threshold velocity for splashing using order-of-magnitude arguments for the impact pressure based on incompressible potential flow.
